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The noise radiated from perfectly expanded coaxial jets was measured in an anechoic chamber for operating
conditionswith the same total mass � ow and thrust and with the same temperature ratio. The shapeof the measured
noise spectrum at different angles to the jet axis was found to agree with spectral shapes for single, axisymmetric
jets. Based on these spectra, the sound was characterized as being generated by large-scale turbulent structures or
� ne-scale turbulence. Modeling the large-scale structures as instability waves, a stability analysis was conducted
for the coaxial jets to identify the growing and decaying instability waves in each shear layer and to predict
their noise radiation pattern outside the jet. When compared to measured directivity, the analysis identi� ed the
region downstream of the outer potential core, where the two shear layers were merging, as the source of the peak
radiated noise where instability waves, with their origin in the inner shear layer, reach their maximum amplitude.
The changes in the measured noise directivity that occurred when the operating conditions were changed, holding
mass � ow and thrust constant, followed the trend predicted by the instability wave analysis.

I. Introduction

S UPERSONIC jet noise is generated by mechanisms associated
with � ne-scale turbulence, large-scale turbulent structures, and

shocks. Depending on the jet operating conditions and the structure
of the exhausting � ow� eld, each of these noise generating mecha-
nisms can contribute to the noise radiated to the far � eld at a given
frequency and in differing amounts as a function of the direction
from the jet to the observer. Because jet noise continues to be of
concern in the development of advanced aircraft, it is hoped that a
greater understanding of the jet noise generation process will lead
to means by which the noise may be reduced while maintaining
acceptable propulsion system performance.

One concept for reducing supersonic jet noise is to replace
the single-stream jet with a dual-stream, coaxial jet. Recent
separate studies have considered this concept analytically1 and
experimentally.2 The initial conditions used in these studies set the
jet for shock-free, perfectly expanded � ow. The resulting noise is
generated by turbulent mechanisms that primarily radiate noise to-
ward the downstream arc of the jet. If the jet speed is suf� ciently
supersonic, the large-scale turbulent structures become dominant
noise radiators when their phase velocity is supersonic relative to
the speed of sound in the adjacent lower-speed or ambient � ow.
The additionof a lower-speedsecondary� ow to a single supersonic
jet modi� es the growth rate and phase velocity of the large struc-
tures in the primary � ow shear layer and, if the jet conditions are
properlychosen, it has been shown experimentallythat applying the
secondary � ow can lead to lower levels of radiated noise.3

For noisegeneratedby large-scalestructures,the analysisuses the
instability wave noise generation model. The large-scale structures
that exist in the growing jet shear layer are modeled as instability
waves that initiallygrowrapidlyand then decay in theaxial direction
as the shear layer widens. Tam and Burton4 developed a matched
asymptoticsolution for the noise radiated from the instabilitywaves
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in the slowly growing shear layer of a single-stream, supersonic,
axisymmetric jet. The equations developed were used to calculate
the stability characteristics and the radiated noise directivity of an
instability wave at a single frequency and a single mode number.
Their results showed good comparisons with measurements from
low-Reynolds-number jet experiments. Comparisons of calculated
resultswith measureddata were also made with high-speedjets5 and
high-temperaturejets.6 This single-modemethodwas laterextended
to include the addition of multiple modes using stochastic theory.7

The instabilitywave noisegenerationmodel was applied to super-
sonic coaxial jets by Dahl and Morris.1 The ability to complete the
stabilityand noise calculationsdependedon computingnumerically
the mean � ow for both velocity and density � elds.8 Thus, a variety
of jet operatingconditionscould be modeled, includingboth normal
and invertedvelocity pro� les, and the stability and noise generation
could be studied due to velocity and density ratio changes between
the two jet streams and area ratio changes at the nozzle exit. The
results were focused on the Kelvin–Helmholtz-type in� ectional in-
stabilities.Other modes can exist in supersonicjets that may or may
not radiate noise.9 Using the eigenvalue problem approach of the
instabilitywave model, each of these modes would have to be found
and investigated separately to determine any ability for them to ra-
diate noise. Direct numerical calculations, such as those proposed
by Hixon et al.,10 allow all radiating modes to develop naturally.
The present paper is restricted to single-mode calculations.

Recently, Papamoschou2 began small-scale experiments using
perfectly expanded coaxial jets. The purpose was to explore � ow
conditions where Mach wave radiation is reduced from that of a
single jet when a secondary stream is applied at proper conditions.
Mach wave radiation comes from the dominant noise generated by
instability waves convecting supersonically in the shear layer of
a jet. It can be generated by both the Kelvin–Helmholtz-type and
the supersonic-typeinstability modes. According to the model pre-
sented by Papamoschou, if the relativephase velocities of the Mach
wave generating disturbances can be made subsonic in both shear
layers, then Mach wave radiation can be reduced. The success of
this approachhas been shown in � ow visualizations2 and in acoustic
� eld measurements.3

The experimental facilities that have been built allow acoustic
data to be taken for noise generated by perfectly expanded coaxial
jets, a conditionon which the instabilitywave theory for coaxial jets
is based. At the time the initial analytical study of coaxial jets was
completed, no sets of noise measurements of perfectly expanded,
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coaxial jets were known to exist to compare with predictions.Thus,
the opportunityexists to compare the calculatedanalytical results to
measureddatawhereMachwave radiationexists.In thenext section,
the experimentalmethod is described for setting up and measuring
the noise from perfectly expanded, supersonic, coaxial jets. This
is followed by a description of the characteristics of the measured
noise spectra and noise levels in the far � eld of the jet. The behavior
of the noise levels with changing operating conditions is shown to
be consistentwith what is expected for normal-velocity-pro�le jets
at constant mass � ow, thrust, and exit area conditions. The spectra
suggest that large-scaleturbulent structuresare the dominant source
of noise radiated in the downstreamdirection. This latter character-
istic is used to justify using the instability wave noise generation
model to determine the source of this radiated noise. After a brief
description of the instability wave model, results from a stability
analysis are used to describe the dominant source region. Finally,
comparisons are made between predicted and measured noise radi-
ation directivity patterns.

II. Experimental Method
Experiments were conducted in a coaxial jet facility with the

capability of supplying mixtures of helium and air to the inner and
outer � ows (Fig. 1). The inner nozzles, of 12.7-mm exit diameter,
were designed by the method of characteristics for Mach numbers
1.5, 1.75, and 2.0. The outer nozzle formed a smooth contraction
terminating in an exit diameter of 21.6 mm. Both � ows exhausted
into ambient, still air. Details of the facility can be found in Ref. 2.

Helium–air mixtures allow variation of the gas constant R and,
thus, of the velocity at � xed Mach number and � xed total temper-
ature. A jet composed of a helium–oxygen mixture simulates very
accurately the speed of sound, velocity, and growth rate of a hot
jet at the same density ratio.2 In this experiment, the mixtures were
accurately metered so that the uncertainty in the gas constant was
less than 5%. For all cases, the total temperature of the gas mixture
was around 300 K. The exit density can be translated to the temper-
ature of the simulated hot jet via the relation T / T1 = q 1 / q . The
experimentalMach numbers, velocity ratios, and simulated temper-
ature ratios are shown in Table 1. Typical Reynolds numbers in the
experiments were 5 £ 105 for the inner � ow, based on jet diameter,
and 5 £ 104 for the outer � ow, based on annulus thickness.

The jet noise was recordedby a 1
8 -in. condensermicrophonecon-

nected to a preampli� er and power supply (Bruel and Kjaer Models
4138, 2670, and 5935L, respectively). The microphone has a fre-
quency response up to 150 kHz and was sampled at 400 kHz by a

Table 1 Operating conditions for supersonic
coaxial jet calculations

Case M1 T1 / T1 M2 T2 / T1 U2 / U1

CM1a 1.50 3.03 1.09 1.89 0.58
CM2a 1.75 2.64 0.88 1.65 0.40
CM3a 2.00 1.89 0.52 1.18 0.22
CT1b 2.00 3.33 0.50 2.76 0.23
CT2b 2.00 3.33 0.80 2.76 0.37
CT3b 2.00 3.33 0.95 2.76 0.44

aConstant mass � ow and thrust.
bConstant temperature ratio.

Fig. 1 Schematic of the supersonic coaxial jet facility.

Fig. 2 Anechoic chamber and positioning of jet and microphone.

fast analog-to-digital board (National Instruments AT-MIO-16E1)
installed in a Pentium Pro computer. Each recording consisted of
54,280 samples (135 ms), correspondingto passageof about 10,000
eddies the size of the inner-jet diameter. The signal was high-pass
� ltered at 500 Hz by a Butterworth � lter to remove spurious low-
frequency noise. The power spectrum of each recording was com-
puted using a 1024-point fast Fourier transformwith a full Hanning
window. The microphone was calibrateddaily before each series of
recordings (Bruel and Kjaer Model 4231 calibrator).

Sound measurements were conducted inside an anechoic cham-
ber, approximately8 m3 in internal size, lined with acousticwedges
(Sonex) with an absorptioncoef� cient higher than 0.99 for frequen-
cies above 400 Hz. The microphone was mounted on an arm that
pivoted around an axis passing through the center of the jet exit.
This arrangement enabled sound measurement at a variety of radial
r and polar w positions. The setup is shown in Fig. 2. For each
measurement, the power spectrum was computed according to

S( f ) = Sraw( f ) + D Sfr( f ) + D Sff( f, u ) (1)

where Sraw( f ) is the raw spectrum of p 0 / pref ( pref =20 l Pa),
D Sfr( f ) is the frequency-responsecorrection, D Sff( f, u ) is the free-
� eld correction, and u is the angle between the sound propagation
vectorand the microphoneaxis that for the presentexperimentswas
0 deg. The sound pressure level (SPL) spectrum is given by

SPL( f ) = 10 log10 S( f ) (2)

and the overall sound pressure level (OASPL), which describes the
contribution of all measured frequencies, is computed from the in-
tegral

OASPL = 10 log10

Z 1

0

S( f ) d f (3)

III. Experimental Results
The coaxial jet � ow operating conditions for which calculations

were conductedand experimental data were collected are shown in
Table 1. The � rst three cases (CM1, CM2, and CM3) were chosen
such that they all have the same mass � ow, thrust, and exit area.
These types of conditions were recommended by Tanna11 for com-
paring noise results of different coaxial jets. For supersonic coaxial
jetswith a higher-speedprimarystreamsurroundedbya lower-speed
secondarystream, the conditionof perfectexpansionset the primary
stream Mach number to the design Mach number of the nozzle. The
remaining operating conditions for these cases, referred to as the
constant � ow conditioncases, were found by iteration, subject to an
additional criterion of holding the static temperature ratio constant
between the two jet streams, until all cases had the same mass � ow
and thrust for the given coaxial nozzle exit area. The static temper-
ature ratio was determined to be T2 / T1 =0.62. Hence, the primary
variable parameter for the constant � ow condition cases is the ve-
locity ratio between the streams. The last three cases (CT1, CT2,
and CT3) were chosen to vary only the outer jet stream velocity
while holding constant the other fundamental jet � ow operating
conditions. For these cases, T2 / T1 =0.83.
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Table 2 Averaged gas properties and convective Mach numbers
for supersonic coaxial jet calculations

Case ¯c R̄, m2 /s2/K T̄1 / T1 T̄2 / T1 Mc2 ¡ 1 Mc2 ¡ 2

CM1 1.56 285.3 3.04 1.89 0.46 1.08
CM2 1.54 292.9 2.65 1.65 0.97 0.76
CM3 1.48 304.3 1.81 1.23 1.54 0.29
CT1 1.62 273.9 3.31 2.77 1.40 0.37
CT2 1.63 275.1 3.29 2.79 1.09 0.80
CT3 1.63 275.3 3.28 2.80 0.93 1.02

Fig. 3 SPL spectra measured at r/D1 = 80 and at four angles from the
downstream jet axis; three constant � ow cases: ——, CM1; ¢ ¢ ¢ ¢ , CM2;
and – – – , CM3.

In performing the stability and noise calculations, the mean � ow
for the coaxial jet was providedby the method of Dahl and Morris.8

The experiments used a mixture of gases to simulate the effects of
temperature by changing the gas mixture density. Each stream then
had its own gas constant and ratio of speci� c heats. The mean � ow
code, however, was designed for a single type of gas with varying
temperature.Thus, to complete the mean � ow calculations,both an
average gas constant and an average speci� c heat ratio were used
with the result that temperature ratios were slightly different from
those used in the experiments as indicated in Table 2.

Spectra and Levels
Spectra measured at r / D1 =80 are shown in Fig. 3 for the three

constant � ow condition cases at four angles from the exit axis, w ,
in Fig. 2. (Note that, in the context of large distances from the jet,
the spherical radius shown in Fig. 2 is used. Otherwise, the radius
r is the cylindrical coordinatemeasured from the jet exit axis.) The
dataareplotted in terms of a StrouhalnumberSr = f D1 / U1 over the
range0–0.5.The spectrahave similar shapes for all three conditions.
At low angles, there is a well-de� ned peak at lower Strouhal num-
bers. The 20-deg spectra peak at about Sr =0.04, and the 40-deg
spectra peak at about Sr =0.06. As the angle increases, the peak
becomes broader and moves to higher Strouhal number so that at
60 deg, the peak is at about Sr =0.14. Finally, at 80 deg, the spectra
have broadened out until there is no clear peak shown for the data
when plotted on this scale.

The OASPL for each of the six coaxial jet cases are shown in
Table 3 as a function of the measurement angle to the jet axis. The
trend of the constant � ow cases is a decrease in OASPL as the
velocity ratio increases. If we extrapolate to a velocity ratio of 1.0,
or the equivalent single jet with the same mass � ow, thrust, and
exit area, then these normal velocity pro� le jets are noisier than the
equivalentsingle jet. These results agree with the conclusionsgiven
by Tanna.11

Table 3 OASPLa at four directivity angles

Case 20 deg 40 deg 60 deg 80 deg

CM1 129.5 133.7 133.3 123.5
CM2 130.9 136.3 134.9 125.9
CM3 133.3 138.2 134.8 125.8
CT1 132.8 138.8 137.8 129.1
CT2 133.6 139.0 138.1 130.8
CT3 133.7 137.8 138.7 130.2

aIn decibel at 80D1, referred to 20 l Pa.

Fig. 4 SPL spectra measured at r/D1 = 80 for the constant � ow cases
compared to jet noise similarity spectra given in Ref. 16:——, measured
data; – – – , large-scale turbulent structure noise similarity spectrum;
and - - - -, � ne-scale turbulence noise similarity spectrum.

Spectral Behavior
The spectral behavior, shown in Fig. 3, was previously found in

data taken on subsonic coaxial jets12 and on supersonic coaxial jets
that contained shocks.13 Single, M =2, perfectly expanded super-
sonic jets also showed this behavior.14 Stone et al.15 developed an
empirical model for coaxial jet noise prediction using the experi-
mental observation that spectra have a similar shape between single
and coaxial jets with a normal velocity pro� le. The peaks of the
coaxial jet spectra were shifted in frequency and direction due to
the velocityand temperatureratio changesbetween the two streams.
Recently, Tam et al.16 correlated the spectral measurements from a
large number of single-stream jets to derive a pair of similarity
spectra that characterized the two types of turbulent mixing noise.
One spectrum had a broad peak and characterized the noise from
� ne-scale mixing. The other spectrum had a narrower, well-de� ned
peak. It characterized the noise from large-scale mixing. Based on
compressibility arguments, they stated that both noise generating
mechanisms could exist to some degree in both subsonicand super-
sonic jets. Their spectra, either singularlyor in combination,agreed
well with data from axisymmetric, rectangular, and elliptic single-
stream jets (see also Refs. 17 and 18). If we consider the spectral
similarity observations used by Stone et al.15 for both single and
coaxial jets and consider the similarity of the measured spectral
data shown in Fig. 3, there is no reason why Tam’s16 spectra should
not apply as well to coaxial jets.

A comparison between the jet noise similarity spectra and the
measured spectra is shown in Fig. 4 for the three constant � ow cases
and in Fig. 5 for the threeconstanttemperaturecases.Figures4 and 5
each show comparisonsat four directivityangles. The shapes of the
similarity spectra are prede� ned. The unknown values are the peak
frequency and the peak amplitude. These values were determined
by a least-squares � tting of the similarity spectra to the measured
data. At 20, 40, and 60 deg, the measured spectra are shown to
compare well with the large-scale turbulentmixing noise similarity
spectrum. In contrast, an example comparison is shown at these
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Table 4 Large-scale similarity spectrum peak frequency
at three directivity angles derived from a least-square � t

to the measured spectrum

f p , kHz

Case 20 deg 40 deg 60 deg

CM1 3.600 § 0.333 5.277 § 0.304 11.793 § 0.458
CM2 2.339 § 0.192 4.901 § 0.314 12.428 § 0.552
CM3 3.085 § 0.262 6.743 § 0.446 14.124 § 0.582
CT1 2.845 § 0.232 5.670 § 0.431 11.244 § 0.585
CT2 2.847 § 0.248 5.457 § 0.459 10.774 § 0.612
CT3 2.842 § 0.243 4.981 § 0.407 9.837 § 0.543

Table 5 Large-scale similarity spectrum peak
amplitude at three directivity angles derived

from a least-square � t to the measured spectrum

Aa

Case 20 deg 40 deg 60 deg

CM1 118.3 § 1.3 120.0 § 0.7 116.1 § 0.5
CM2 120.7 § 1.1 122.8 § 0.8 117.7 § 0.5
CM3 122.0 § 1.1 123.8 § 0.8 117.0 § 0.5
CT1 122.7 § 1.1 125.5 § 1.0 121.1 § 0.6
CT2 123.7 § 1.2 126.0 § 1.1 121.8 § 0.7
CT3 123.8 § 1.2 125.3 § 1.1 122.5 § 0.7

aIn decibel at 80D1 , referred to 20 l Pa.

Fig. 5 SPL spectra measured at r/D1 = 80 for the constant temperature
cases compared to jet noise similarity spectra given in Ref. 16: ——,
measured data; – – – , large-scale turbulent structure noise similarity
spectrum; and - - - -, � ne-scale turbulence noise similarity spectrum.

angles of a � ne-scale turbulent mixing noise similarity spectrum � t
to the measuredspectrumthatdoes not agreewith the measureddata
at the peak and low-frequencyregions.These jets have a supersonic
primary stream surroundedby a subsonicto sonic secondarystream,
and these results indicate that, in the downstreamdirection from the
jet, noisedue to large structuresdominates.The results for the least-
squares � tting of the peak frequencyand peak amplitude are shown
in Tables4 and5, respectively,for the large-scalesimilarityspectrum
at the lowerangleswhere this spectrumis clearlythe dominantshape
of the measured data.

At 80 deg, the measuredspectrafor the constant� ow cases,shown
in Fig. 4, are no longer characterized by the large-scale similarity
spectrum, but are better characterized by the � ne-scale similarity
spectrum. This result near normal to the jet axis agrees with spec-
tral data comparisons for single stream supersonic jets. However,
between directivity angles where the spectral shape is dominated
by noise radiated from large-scale turbulent structures and directiv-
ity angles where the spectral shape is dominated by noise radiated

Fig. 6 SPL spectra measured at r/D1 = 80 for the constant tempera-
ture cases compared to a combined jet noise similarity spectra based
on Ref. 16: ——, measured data; – – –, large-scale turbulent structure
noise similarity spectrum; - - - -, � ne-scale turbulence noise similarity
spectrum; and – - – , combined similarity spectrum.

from � ne-scale turbulent mixing are directivitieswhere the spectral
shapes are derived from a combinationof both large- and � ne-scale
turbulence-generated noise spectra. The 80-deg angle in Fig. 5 is
such a condition for the constant temperature coaxial jet cases. As
shown in Fig. 6, the addition of some large-scale structure noise
to the � ne-scale noise results in a similarity spectrum that better
correlates with the measured data, especially in the peak noise re-
gion near 20 kHz. Thus, out to an angle of at least 60 deg from the
downstream jet axis, the radiated noise is dominated by large-scale
structure mixing noise. It is this noise that is modeled using the
instability wave noise generation theory. Next, after a brief review
of the theory, we will identify the source region for the large-scale
structure dominated noise region.

IV. Numerical Calculations
The calculationof the noise radiatedfroma supersonicjet is based

on the linear, inviscid,instabilitywave theory.A thin free shear layer
containing an in� ection point in the mean velocity pro� le is inher-
ently unstable. Initially, an instabilitywave in the shear layer grows
rapidly. This wave growth rate decreases as the shear layer widens
until, eventually, the shear layer is too thick to support unstable
waves and the wave amplitude decreases until it disappears. The
growth and decay of the instability wave produces a range of wave
number components. Those components that have a phase veloc-
ity that is supersonic relative to the ambient conditions will radiate
noise to the far � eld.

The shear layer of a supersonic jet grows slowly in the axial di-
rection. This slow change in the axial direction compared to more
rapid changes in the radial direction allows a locally parallel � ow
approximation to be used in solving for the disturbancequantities.4

The governingequationsof motion are linearizedfor small � uctuat-
ing disturbancesabout the mean � ow by replacing the instantaneous
variables by a sum of a steady mean component and a small � uctu-
ating component,for example,u = ū + u 0 for the instantaneousaxial
velocity,where ū is the steadymean axial velocityand u 0 is the small
� uctuatingquantity.All of the � uctuatingdisturbancequantitiesare
then representedas waves traveling through a nonuniformmedium.
For example, the pressure disturbancesare given by

p 0 (r, h , x , t ) = p(r, x) exp

(
i

" Z x

0

a ( v ) d v + n h ¡ x t

#)

(4)

where p(r, x) is the radial r distributionof the pressure disturbance
at each axial x location, a (x) is the local complex wave number
( a = a r + i a i and ¡ a i is the local growth rate), h is the azimuthal
angle, n is the mode number, and exp( ¡ i x t ) is the harmonic time
dependence. The linearized equations governing the disturbances
can be combined to obtain a single equation,
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+

³
1
r

+
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This equation has been nondimensionalizedby the exit conditions
of the primary jet: spatial coordinates by R1 , velocity by U1 , and
densityby q 1 . The time andradial frequencyaremadedimensionless
by U1 / R1 and the pressure by q 1U 2

1 . To solve Eq. (5) at each axial
location, the radial and axial variation of the mean � ow velocity
ū and density ¯q must be known quantities. As stated earlier, these
quantities were obtained numerically.8

The general solution to Eq. (5) can be written as the sum of two
general linearly independent solutions that are functions of the ra-
dial and axial coordinates. Outside the jet, the mean � ow becomes
uniform,and Eq. (5) takes the form of Bessel’s equation.This equa-
tion is used to enforce the boundary condition that the disturbances
generated in the shear layer must decay away from the shear layer,
that is,

p » H (1)
n [i k ( a )r] (6)

where

k ( a ) =
£
a 2 ¡ ¯q 1 M2

1 ( x ¡ a ū 1 )2
¤ 1

2 (7)

and H (1)
n is the nth-order Hankel function of the � rst kind. At the

jet axis, @p / @r is set to zero for n =0, and p =0 for n > 0.
Outside the jet, the governing equations control acoustic distur-

bances with the same length scales in all directions. The solution
to these outer equations is found by Fourier transforming the dis-
turbance variables from the physical axial coordinate x to the wave
number coordinate g . The matched asymptotic expansiontechnique
is applied to construct a formula for the pressure disturbancesout-
side the jet generated by the instability wave in the shear layer:

p(r, h , x , t ) =
Z 1

¡ 1
g( g )H (1)

n (i k ( g )r ) ei g x ein h e ¡ i x t d g (8)

where

g( g ) =
1

2p

Z 1

¡ 1
A0 exp

"
i
Z x

0

a ( v ) d v

#
e ¡ i g x dx (9)

Equation (9) describes the Fourier transform into wave number
space of the axial evolution of the nth mode spatial instabilitywave
at a � xed real frequency x with unknown initial amplitude A0 . This
equation describes the source in a noise radiation problem. Then,
Eq. (8) multiplies this source term, g( g ), by a Hankel function to
propagate the generated wave outside the jet and inverts the Fourier
transform back to physical space.

Equation (5) and its boundary conditions create an eigenvalue
problemfor a that is solved using a � nite differenceapproximation.
The local eigenvalueis found from the resultingdiagonalmatrix us-
ing a Newton–Raphson iteration technique for re� nement yielding
the local growth rate ¡ a i and phase velocity cph = x / a r . Once a
is determined at each axial location, the wave number spectrum is
calculatedby Eq. (9) followedby the acousticpressurefromEq. (8).
The details for applying this theory to coaxial jets are given in
Ref. 1.

V. Numerical Results
Stability Analysis

The results from the stability calculations for the coaxial jet case
CM1 are shown in Fig. 7 for the outer shear layer and in Fig. 8 for
the inner shear layer. Figures 7 and 8 each show the mean velocity
� eld by outlining the edges of the two potential cores and identify
the region over which the two shear layers merge into a single shear
layer. The remaining parts of Figs. 7 and 8 show the local phase
velocity cph, the local growth rate ¡ a i , and the instability wave
amplitude calculated from the magnitudeof the integrand in Eq. (9)
when the initial amplitude is set to one. The results shown are for
the n =1 mode because this mode typically had the largest wave
amplitude.

For the outer shear layer, Fig. 7 shows that the instability wave
grows and decays slowly at low Strouhal numbers. The outer shear
layer has a larger velocity difference than the inner shear layer and
sustains the growth of these longerwavelengthinstabilitywaves far-
ther downstream to where the shear layers have merged. At higher

Fig. 7 Stability characteristics for the n = 1 mode in the outer shear
layer, case CM1. Shaded region indicates phase velocity is supersonic
relative to ambient conditions; calculated results for � ve Strouhal num-
bers: ——, 0.04; - - - -, 0.12; – – – , 0.20; – - – , 0.28; and ¢ ¢ ¢ ¢ ; 0.40.
a) Edges of the shear layers in the velocity � eld, b) phase velocity relative
to U1 c) growth rate, and d) instability wave amplitude.

Fig. 8 Stability characteristics for the n = 1 mode in the inner shear
layer, case CM1. Shaded region indicates phase velocity is supersonic
relative to ambient conditions; calculated results for � ve Strouhal num-
bers: ——, 0.04; - - - -, 0.12; – – – , 0.20; – - – , 0.28; and ¢ ¢ ¢ ¢ ; 0.40.
a) Edges of the shear layers in the velocity � eld, b) phase velocity relative
to U1 c) growth rate, and d) instability wave amplitude.

Strouhal numbers, the instability wave grows more rapidly and de-
cays more signi� cantly before the outer potential core ends.

The phase velocity varies with the axial distance, � rst decreas-
ing and then increasing in velocity. According to theory, when the
instability wave has a phase velocity that is supersonic relative to
the ambient � ow, then the wave radiates noise. This criterion is
expressed by the general equation

j ūm ¡ cph j > ūm / Mm (10)

where m = 1 are the ambient � ow conditions. Using the � ow con-
ditions for the outer shear layer of case CM1 in Eq. (10), we � nd
that when cph > 0.393, as indicated by the shaded region in Fig. 7b,
the phase velocity is supersonic relative to ambient conditions.The
outer shear layer instabilitywaves have a short distanceduring their
initial growth, where their phase velocity is supersonic relative to
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ambient. However, before they reach peak amplitude, the phase ve-
locity goes subsonic. As the higher-Strouhal-numberwaves decay,
the phase velocity returns to supersonic conditions.

The stability characteristics for the inner shear layer, shown in
Fig. 8, are quite different than the outer shear layer stability charac-
teristics. For this case, all of the different Strouhal number modes
calculated continue to grow past the end of the outer potential core
and do not begin to decay until the inner and the outer shear layers
are almost fully merged together. Near the nozzle where the outer
potential core still exists, cph > 1.102 is required for the inner shear
layer instabilitywave phase velocity to be supersonic relative to the
secondary � ow. [Use m =2 in Eq. (10) to represent the secondary
� ow conditions.]All of thephasevelocitiesshownin Fig. 8b are sub-
sonic using this criterion. Downstream of the outer potential core,
the waves are attaining their maximum amplitude where the shear
layers are becoming fully merged. There is only one shear layer
in this region, and the phase velocities of the instability waves are
now considered relative to ambient conditions. As indicated by the
shaded region,we see that the phase velocitiesare well above0.393,
the condition for supersonic phase velocity relative to ambient and
the creation of waves that radiate noise.

From Figs. 7 and 8, we see that an instabilitywave, growing and
decaying in the axial direction, travels through regions with sub-
sonic and supersonic relative phase velocities. This process gene-
rates wave number components that may or may not radiate noise
to the far � eld of the jet. To show which componentsof the instabil-
ity waves radiate as noise, the wave number spectra calculated by
Eq. (9) are shown in Fig. 9a for both the inner and outer shear layer
instability waves. As the Strouhal number increases, we see that
the wave contains higher wave number content. The condition for
far-� eld noise radiation can be written in terms of the wave number
coordinate g , de� ned in the Fourier transformof the instabilitywave
in Eq. (9), as1

g ·
x

ū 1 + c 1 / U1
(11)

where c 1 (meter per second) is the ambient speed of sound. In
Fig. 9, the location of the upper limit of Eq. (11) is shown labeled
with the Strouhal number. At lower wave numbers (to the left of
the indicator), the wave number components radiate noise and at
higherwavenumbers(to the right of the indicator), the wavenumber
components do not radiate noise. We � nd that signi� cant portions
of the wave number components of the outer shear layer instability

Fig. 9 Case CM1 calculated results for � ve Strouhal numbers: ——,
0.04; - - - -, 0.12; – – –, 0.20; – - – , 0.28; and ¢ ¢ ¢ ¢ ; 0.40. a) Wave num-
ber spectra and upper bound on noise radiation for the wave number
components [Eq. (11)] for each Strouhal number and b) radiated noise
directivity patterns for the n = 1 mode instability waves in the inner and
outer shear layers.

Fig. 10 Wave number spectra for the n = 1 mode instability waves,
Sr = 0:12, inner and outer shear layers and upper bound on noise radi-
ation for the wave number components [Eq. (11)]: a) constant � ow con-
ditions ——, U2/U1 = 0:58; - - - -, U2/U1 = 0:40; and – – –, U2 /U1 = 0:22;
and b) constant temperature conditions ——, U2 /U1 = 0:44; - - - -,
U2 /U1 = 0:37; and – – – , U2 /U1 = 0:23.

wavedonot radiatenoise to the far � eld.For the innershear layer, the
higher the Strouhal number is, the more the wave number spectrum
lies in the region where noise radiation can occur.

Figure 9a represents the wave number spectrum of the noise
source. Through the use of Eq. (8), the source is propagated to the
far � eld. Each wave number component de� ned within the bounds
set by Eq. (11) radiatesnoise to a particulardirection in the far � eld.
The wave number component at the upper limit radiates at 0 deg
or along the exit axis of the jet. Decreasingly lower wave number
componentsthen radiate to increasinglylargerdirectivityangles un-
til at g =0, the directivity angle is 90 deg. The resulting directivity
patterns are shown in Fig. 9b. Therefore, because the peaks of the
noise source spectra of the outer shear layer instability waves lie
near the upper limit, that noise is directed downstream of the jet
near the axis. In contrast, the inner shear layer has noise sources
that radiate at larger angles to the jet exit axis.

The effect of changing the velocity ratio at constant mass � ow,
thrust, and exit area on the stability characteristics is shown in
Fig. 10a. In this example, the wave number spectra at Sr =0.12 are
shown for both the inner and the outer shear layer instabilitywaves.
As thevelocityratio decreases,the instabilitywave in the outer shear
layer grows and decays more rapidly at a constantStrouhal number,
and with lower mean velocities in this shear layer, the phase ve-
locity also decreases resulting in higher wave number components
that do not radiate noise to the far � eld. In contrast, the inner shear
layer gets larger, and the wave number componentsof the instability
wave that radiate noise grow larger in amplitude. A similar process
is followed by the constant temperature cases shown in Fig. 10b. To
varying degrees, the dominance of the inner shear layer instability
waves in radiating noise to the far � eld occurs for all of the Strouhal
numbers used in the stability calculations.

Radiated Noise
We now consider the noise radiation characteristics of the insta-

bility waves in the coaxial jet compared to measured data. Because
the initial amplitude of an instability wave at each frequency and
mode is unknown, the comparisons between the measured and the
calculated directivities were made by matching the peak amplitude
of the calculated directivity to the peak amplitude of the measured
directivity obtained from a cubic spline interpolation of the mea-
sured data. Hence, the comparisons shown here are qualitative and
based on directivity characteristics.

The measured spectral data at seven directivity angles are re-
plotted as a function of the directivity angle at a � xed Strouhal
number. The results are shown in Fig. 11 for the three constant � ow
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Fig. 11 Comparison of measured directivities (symbols) at r/D1 = 80
to calculated directivities for n = 1 mode instability waves in the inner
shear layer; constant � ow conditions (——), U2 /U1 = 0:58; u (- - - -),
U2 /U1 = 0:40; and n (– – – ), U2 /U1 = 0:22. a) Sr = 0:12, b) Sr = 0:20;
c) Sr = 0:28, and d) Sr = 0:40.

conditions at four different Strouhal numbers. Clearly, the noise at
these Strouhal numbers has a peak directivity in the range from 40
to 60 deg from the jet exit axis. From the spectral comparisons in
Fig. 4, the large-scale structures were inferred to be the dominant
noise sources radiating to at least a 60-deg angle from the jet exit
axis. Furthermore, we showed in Fig. 9 that only the inner shear
layer instability waves that continued to grow to their peak ampli-
tude downstream of the outer potential core before decaying radi-
ated noise to large angles away from the jet exit axis. The computed
directivities for the four higher-Strouhal-number instability waves
originatingin the inner shear layer are shown in Fig. 9b to have their
peak noise radiatedbetween 40 and 60 deg. This is in contrast to the
many instability waves from both the inner and outer shear layers
that radiate noise at angles closer to the jet axis. Thus, based on this
instabilitywave analysis, the only large-scalestructureor instability
wave generated noise that can radiate to the peak directions shown
in Fig. 11 for the measured data originate in the inner shear layer.To
illustrate this analysis, in Fig. 11 we show the calculateddirectivity
results, from using Eq. (8), for the n =1 mode inner shear layer
instability waves that radiate at large angles to the jet axis, for the
constant � ow cases. The predicted peak directivities are shown to
correspond to the measured peak noise region, especially at higher
Strouhal numbers. The subtle shifts in directivity that are predicted
with increased Strouhal number are also followed by the measured
data. As the Strouhal number increases, the peak directivity shifts
to higher angles away from the axis.

Figure 11 also shows that the calculateddirectivitiesfor the n =1
mode correspond with the measured directivities when the velocity
ratio U2 / U1 decreases from 0.58 to 0.22. Dahl and Morris1 pre-
dicted, for a different set of operating conditions, that the effect of
decreasing the velocity ratio on inner shear layer instability wave
noise radiation is to shift the peak of this noise radiation to lower
angles at a given Strouhal number. The measured data for the three
constant� ow conditionsshownin Fig. 11 followthis trend.Dahl and
Morris also predicted that the radiated noise levels from the coaxial
jets relative to that of the equivalentsingle jet increasewith decreas-
ing velocity ratio. This trend is also followed by the measured data.

The predicted directivitypatterns shown in Fig. 11 are much nar-
rower than the measured directivity pattern at the higher Strouhal
number. Tam and Chen7 have shown calculatedresults for a Mach 2
single jet at a Strouhal number of 0.4, where there are signi� cant
contributionsto the radiated noise from higher mode number insta-
bilitywaves, thus, broadeningthe peak.Figure 12 shows an example
where the presence of multiple modes may have this effect. Here,
the n =0, 1, and 2 modes have been placed on Fig. 12, without re-
gard to their relative level, to show the possibilityof broadening the
predictedpeak directivitypattern.There are other noise sources that

Fig. 12 Comparison of measured directivity ( ) at r/D1 = 80 to calcu-
lated directivities for three instability wave modes in the inner shear
layer of case CM1 at Sr = 0:40. Modes: - - - -, n = 0; ——, n = 1; and – – –,
n = 2.

Fig. 13 Comparison of measured directivities (symbols) at r/D1 = 80
to calculated directivities for n = 1 mode instability waves in the inner
shear layer; constant temperature conditions: (——), U2 /U1 = 0:44;
u (- - - -), U2/U1 = 0:37; and n (– – –), U2/U1 = 0:23. Strouhal number at
peak spectral frequency. a) 40 deg, Sr ¼ 0:05, b) 50 deg, Sr ¼ 0:07, and
c) 60 deg, Sr ¼ 0:10.

also contribute to the broadeningof the directivitypattern including
the instability wave generated noise from the outer shear layer that
radiates to angles near the axis and the � ne-scale mixing noise that
is dominant closer to 90 deg from the axis. Research is continuing
on the predictionof the relative contributionsof thesenoise sources.

A � nal set of directivity comparisons are shown in Fig. 13 for
the constant temperature cases. The calculations were performed
using the Strouhal numbers that correspond to the peak frequencies
for the spectra shown in Fig. 5 at 40 and 60 deg and at 50 deg.
The measured data show that the peak spectral level in a particular
direction does not necessarily correspond to the peak level in the
directivity pattern. In Fig. 5, the peak level at 60 deg occurs at
Sr ¼ 0.1. Figure 13c shows that the peak in directivity most likely
occurs between 50 and 60 deg, which corresponds well with the
predicted directivity. In contrast at 50 deg, the peak spectral level
corresponds with the peak in the directivity pattern. Finally, for
these constant temperature cases, the direction of the peaks in the
directivity patterns change little as the velocity ratio changed in
contrastto the shifts thatoccurredfor theconstant� ow cases; though
in the lattercases, thegreatestchangesin directivityare seen to occur
betweenwhen U2 / U1 =0.22 and the two larger-velocity-ratiocases
at constant � ow conditions,shown in Fig. 11. Nonetheless, for both
sets of conditions, the measured directivity at these large angles
correspond to the predicted directivities.

VI. Conclusion
The measured noise spectra, generated by the supersonic coax-

ial jets in this study, can be characterized by the same similarity
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spectra that Tam et al.16 used to characterize single-stream super-
sonic jets. Even though this characterizationis remarkable,we have
analyzed just a few of the large possible number of coaxial jet op-
erating conditions and nozzle geometries; thus, it is not possible
to generalize that the noise spectra generated by all other coax-
ial jets can be characterized by these single jet similarity spectra.
Nonetheless for the coaxial jet cases presented, where the primary
jet stream is supersonic and perfectly expanded and the secondary
jet stream is either sonic or subsonic,the agreementof the measured
spectra with the large-scale turbulent structure similarity spectrum
showed that large-scale structures generated the noise that domi-
nates in the downstream direction. The numerical calculations that
followed after these spectral comparisons were used to identify the
source region for the noise from the large-scale structures that gen-
erated these identi� able spectra.

Using instability waves to model the large-scale structures, we
computed the stability characteristics for both the inner and the
outer shear layers that were used to determine the axially growing
and decaying behavior of the instability waves. These waves rep-
resented a noise source that was used to compute the directivity of
the sound radiated by each wave toward the ambient region outside
of the jet. The noise from the outer shear layer instability waves
radiated toward the axis of the jet, whereas the noise from the inner
shear layer instabilitywaves radiatedin directionsup to 60 deg from
the jet axis. The measured directivities for Strouhal numbers from
0.12 to 0.4 showed peak directivities in the range from 40 to 60 deg
from the jet axis. Because the measured spectrum of the noise in
these directions was dominated by large-scale structure or insta-
bility wave-generated noise, we inferred from the instability wave
noisegenerationanalysis that this noise was generatedby instability
waves originating in the inner shear layer and reaching their max-
imum amplitude downstream of the outer potential core where the
two shear layers merge. When the coaxial jet operating conditions
had the same constant total thrust, mass � ow, and exit area, the peak
noise direction for these instability waves shifted to lower angles
to the jet axis as the velocity ratio decreased. The measured noise
directivity followed this trend. Thus, the measured data on the peak
noise radiation direction and that on the shift of the peak direction
with operating condition changes were both consistentwith the be-
havior of the directivity computed for the noise radiated from the
inner shear layer instability waves in a supersonic coaxial jet.
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